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ABSTRACT. This paper develops estimation and inference methods for two-sample instrumental
variables (TSIV) regression when the number of instruments k grows proportionally with sample
size n. Under this asymptotic setting, we show that the conventional two-sample two-stage least
squares (TS2SLS) estimator is generally inconsistent because it suffers from an asymptotic bias
of order k/n. To address this issue, we propose a bias-corrected TS2SLS estimator and establish
its consistency and asymptotic normality. We further derive heteroskedasticity-robust variance
estimators and provide valid Wald and Lagrange multiplier tests for structural parameters. An
empirical application to Angrist and Krueger’s (1992) study shows that the conventional estimator
substantially understates the effect of school-entry age on educational attainment—by more than
20% when many instruments are used. A simulation study confirms that our bias-corrected estimator
exhibits negligible bias and accurate coverage, while the conventional TS2SLS estimator suffers from
severe attenuation bias and size distortions. These results underscore the importance of addressing

many-instrument bias in empirical TSIV applications.

1. INTRODUCTION

Instrumental variables (IV) methods are central to empirical economics. In many applications, the
outcome, endogenous regressors, and instruments are not jointly observed in a single dataset. Early
contributions—including Klevmarken (1982), Angrist and Krueger (1992), and Arellano and Meghir
(1992)—extended IV methodology to settings with separate instrument—outcome and instrument—
regressor samples, now known as the two-sample instrumental variables (T'SIV) framework. Build-
ing on this foundation, Angrist and Krueger (1995) introduced the two-sample two-stage least
squares (TS2SLS) estimator as a split-sample analogue of conventional 2SLS. Subsequent work
has further developed the properties of TS2SLS: Inoue and Solon (2010) established asymptotic
efficiency improvements over the original TSIV estimator; Pacini and Windmeijer (2016) proposed
heteroskedasticity-robust inference procedures; Choi et al. (2018) developed weak-instrument robust
methods; and Zhao et al. (2019) extended TSIV to heterogeneous samples.

Data combination in the spirit of TSIV is widely employed. For instance, Angrist and Krueger
(1992) combined the 1960 and 1980 U.S. Censuses to study how age at school entry affects edu-
cational attainment, while Arellano and Meghir (1992) estimated a female labor supply model by
linking the UK Labour Force Survey and the Family Expenditure Survey. See Ridder and Moffitt

(2007) for a broader survey. More recently, TSIV-type approaches have been prominent in work on
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intergenerational mobility, where earnings are typically observed in separate samples across gener-
ations (see Jerrim et al., 2014 for a review). Related ideas are increasingly used in epidemiology
under the umbrella of Mendelian randomization, which deploys genetic variants as instruments and
often relies on two-sample designs (see Burgess et al., 2017).

A salient practical issue in TSIV applications is the potentially large number of instruments. The
many-instrument asymptotic framework—where the number of instruments grows proportionally
with the sample size—was developed by Kunitomo (1980), Morimune (1983), and Bekker (1994) to
improve approximations for IV procedures; see also Chao and Swanson (2005) for weaker-instrument
extensions and Han and Phillips (2006); Newey and Windmeijer (2009) for nonlinear GMM formula-
tions. Mikusheva and Sun (2024) provides a recent survey. In two-sample settings, many instruments
arise naturally and often unavoidably. Angrist and Krueger (1992), for example, used over 900
instruments from interactions among quarter-of-birth, year-of-birth, and state-of-birth indicators.
Intergenerational mobility studies that use first names or surnames as instruments can also yield
a growing number of instruments (e.g., Olivetti and Paserman, 2015). While the many-instrument
problem has been studied in Mendelian randomization with GWAS summary statistics (e.g., Zhao
et al., 2020), to the best of our knowledge there is no many-instrument asymptotic analysis tailored
to TSIV with two individual-level samples in the economic context. This paper fills this gap.

The contributions of this paper are fourfold. First, the many-instrument asymptotic framework
(with the number of instruments proportional to the sample size) is extended to TSIV. It is shown
that the conventional TS2SLS estimator is generally inconsistent under this regime. This mirrors
the well-known inconsistency of one-sample 2SLS with many instruments. Second, a bias-corrected
TS2SLS estimator is proposed. The correction targets the term responsible for the first-order many-
instrument bias and is constructed via a leave-one-out quadratic form that is unbiased for the
offending component. Third, large-sample properties are established: the bias-corrected estimator
is consistent and asymptotically normal under heteroskedasticity. A feasible variance estimator is
provided, yielding valid Wald and score-type (LM) tests. Fourth, the method is illustrated using
the education setting in Angrist and Krueger (1992). Conventional TS2SLS estimates are found to
be more than 20% smaller in magnitude than their bias-corrected counterparts, underscoring the
empirical relevance of the many-instrument bias.

This paper is organized as follows. Section 2 introduces the setup and main theoretical results.
Section 3 presents the empirical illustration. Section 4 reports a simulation study. Proofs are

collected in the Appendix.

2. MAIN RESULTS

2.1. Setup and asymptotic framework. Consider the following IV regression model
Y1 =X18+e,

(2.1)
X1 = Z111 4+ m,
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where Y7 is an n; x 1 vector of dependent variables, X7 is an n; X p matrix of unobserved endogenous
regressors, Z1 is an ni X k matrix of instrumental variables, €1 is an nq x 1 vector of disturbances,
71 is a n1 X p matrix of disturbances, 5 is a p X 1 vector of structural parameters of interest, and
IT is a k x p matrix of nuisance parameters. The disturbance term ¢; may be contemporaneously
correlated with regressors X;. This paper is concerned with the situation where we only observe
(Y1, Z1) but not X, and instead observe another sample (X2, Z2) on the endogenous regressors and
instruments that obeys

Xo = Zoll + 19, (2.2)

where Xy is an ng X p matrix of (observable) endogenous regressors, Zs is an ng X k matrix of
instrumental variables, and 72 is an ns X p matrix of disturbances. Note that the coefficient matrix,
IT, of Z; and Z, are identical. The model defined by (2.1)-(2.2) is called the two-sample instru-
mental variable (TSIV) regression model. The focus of this paper is estimation and inference on
the structural parameters 5 when the researcher has moderately large number of instruments (but
B is low-dimensional). In particular, our theoretical analysis is conducted under the asymptotic
framework:

k
2 Sac0,1), 2 pe(0,0), (2.3)
ni ny

for k = ky,, as ni1,n2 — oo, while p is held fixed. The first condition (k/n; — «) says that the
number of instruments k is increasing proportionately with the sample size n, and « may be viewed
as the ratio of k to n1 in a given sample. This condition is commonly employed in the literature of
many instruments (e.g., Bekker, 1994). The second condition (ny/n; — p) is also standard in the
literature of the TSIV methods (e.g., Inoue and Solon, 2010), and p may be viewed as the ratio of
the two samples.

The most widely used estimator for /3 is the two-sample two-stage least squares (TS2SLS) esti-
mator. Let Sg))( = n%ngX& S;% = iZ;ZS, and S%?/ = n%Z;Y; for s = 1,2. The TS2SLS estimator

is expressed as

Brsosts = {XéZQ(Z;ZQ)*Z{Zl(Zgzg)*lzgxg}‘lngg(ZQZQ)*lzm
2 2)—1 2)—1 1
= {S(Z)){/S(Z% S( )S() S(X} 1SZX ZZ S(Z))/ (2-4)

It is known that when the number of instruments k is fixed, the TS2SLS estimator is consistent,
asymptotically normal, and also asymptotically more efficient than the TSIV estimator proposed by

Angrist and Krueger (1992) under mild regularity conditions (Inoue and Solon, 2010).

2.2. Inconsistency of TS2SLS under many instruments. Our first main result shows that the
TS2SLS estimator BTSQSLS is inconsistent for 4 under the many instruments asymptotics in (2.3). To
elaborate, we insert the model (2.1)-(2.2) into the definition of BTSQSLS and express the estimation
error as

Brsasts — B = {A1 + Ag + Az + AL} H(By 4 By — As), (2.5)
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where
A = WSYIL A =87VsT 1SS0 s, Ay =800 sY) st
B = W{S)a+55) —s0)s2 528y, By =52 SN SEE+ 5P,

with Sgg = n%ZgnS for s = 1,2 and S(Ze) = n—llZ{el. Under the conventional asymptotics with
fixed k, the terms A; and By dominate and the limiting distribution is obtained by Srsosis — 8 =
Al_lBl{l +0,(1)}. On the other hand, under the many instruments asymptotics in (2.3), the term
Aj is of order O,(k/n1) and causes the asymptotic bias for BTSQSLS.

To derive the asymptotic properties of BTSQSLS, we impose the following assumptions, which are
standard in the TSIV and many-instrument literatures. Let Apin(A) and Apax(A) be the minimum
and maximum eigenvalues of a matrix A, respectively. For s = 1,2, let €1 = (e11,...,€1n,), Ns =

(N5 -+ Msny)s Zs = (215 - - -, Zsn,)', and P() = Z(Z'Z,)~1Z! be the ng x ny projection matrix.

Assumption 1.

(i): The samples [Y1 : Z1] and [Xo : Zo] are independent. The rows of [e1 : m1] are mutually
independent with Ble1;|Z1] = 0 and Eln;|Z1) = 0. The rows of 2 are mutually independent
with E[ne;| Z2]) = 0.

(ii): For each s = 1,2 and ng, P$) s of rank k, and there exists a positive constant Cy
independent of n1 and ny such that max; P( s) < (i<l

(iii): (2.3) holds true and H, := H’S(Z%H — H as ni,ny — oo for some positive definite

matriz H. There exists a positive constant Co independent of n1 and na such that
max 21;(ZyZ3) " 211 < Cs, max 25;(Z1 Z1) ' z0i < Ca,
7 (2
L () (s) _
e < Amin(5,7) < Amax(S5,) < O for s =1,2.
2

(iv): There exists a positive constant Cs such that for all n large enough maxi<i<n, Ele};|Z1] <

C3 < o0 and max)<j<pn, E[||nsi||*] Zs] < C3 < 0o for s =1,2.

Assumption 1 (i) is standard for the TSIV setup. Although we consider the case where Z is
random, similar results can be established for non-random Z. Assumption 1 (ii) is standard condi-
tions on the projection matrix P). Assumption 1 (iii) is a key condition for the many instruments
asymptotics. This assumption is analogous to the one imposed in the one-sample many instruments
setup (e.g., Bekker, 1994). Assumption 1 (iv) imposes mild moment requirements on the error terms.

Under these assumptions, the probability limit of the TS2SLS estimator is characterized as follows.

Theorem 1. Consider the setup of this section and suppose that Assumption 1 holds true. Then
Brsasts = B — {H + A} 'AB = {H + A} 'HB,

where A = plimn—l1 S0 Elneinb;| Z2) 25 (Z5 Z2) "N Z1 Z1)(Z4 Za) L 2o,
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We can show that when o = 0, we have A = 0 so that the TS2SLS estimator is consistent.
However, in general we have A # 0 so that the TS2SLS estimator BTS2SLS is inconsistent for 5.
In the one-sample setup, the two-stage least squares estimator is also inconsistent, and is typically
biased toward the OLS estimator (Bekker, 1994). On the other hand, in the two-sample setup, the
TS2SLS estimator is biased toward the origin; see Angrist and Krueger (1995) for a related result

on the exact bias of their split sample estimator.

2.3. Bias-corrected estimator and its asymptotic normality. An inspection of the proof of
this theorem suggests that the main sources of the bias in BTS2SLS is the term As in (2.5), which is
of order Op(k/n1). Based on this insight, we propose the following bias-corrected TS2SLS estimator

Boe = {SSXSTY 1 SYYSTY ST — Ay SN STy S, (2.6)
where the correction term A* is defined as

no
233212215 sy )S(Z ZQZ]\/[ 1ZM T,
7j=1

with M®) = I,,, — Z5(Z575)~' Z} and MZ(]2) is its (i, j)-th element.! To see the rationale of this bias
correction, note that

n2

. 1
E[A*|Z] = - > " Elnainhil Za)25,( 25 Z2) (21 Z0)(Z5 Z2) ™ 22i = B[ A2 Z),
i=1

with Z = (Z1, Z3), i.e., A* is an unbiased estimator of Ay. Indeed the subtraction of A* in (2.6)
eliminates the influences of As in (2.5) for BreasLs at the same time.
Formally, the asymptotic properties of the bias-corrected TS2SLS estimator Bpe is obtained as

follows.

Theorem 2. Consider the setup of this section and suppose that Assumption 1 holds true. Then
Bre B B and
_ —1\— A d
(H™ 0, H™Y) 2 /i (Bue — B) 5 N(0, 1),

where

1 ni ne Mo N9 @
v, = —II <Zzhzu o >H+ZZZ P szjzzkﬂﬁiliﬁ

M 1=1 1=1 j#i k#i
1, 500 - 2))25:(2) grs,@)
2 DB PE e ZZ (B))75,) 8%, 8, (2.7)
i=1 j=1 i=1 j#i

LAn alternative expression of A is

* 1 o =
A = ﬁ Z .1221'2‘215(2) 15(1) 5(2% 1221(3}21 — H/(i)ZQi)/,
2 =1

A -1 A
where II(;) = (Z;ﬁl zgjz§j> D%, 22j%h; is the leave-i-out OLS estimator for IT, by the fact that x2; — II{;)22; =
2)—1 ¢ 2
Mi<i> Zjil ij)??ég
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S = Bl Zo), oo = Elv}i| Z1) with vy = 1,8 + ey, and

P = (23 22) 2,

/ A —1 7/ ! -1
p(2 - - 25;(Z52Z2) " Z1Z1(Z25Z2) " 225 (9)-1 (2
P = (2,22) " B 212 20) gy + 2 = PO,

This theorem establishes consistency and asymptotic normality of the bias-corrected TS2SLS
estimator Bbc. We note that this variance formula allows for heteroskedastic errors. For V¥, the
first two terms dominates under the conventional asymptotic framework with a fixed number of
instruments. On the other hand, all terms may be of the same order under the many instruments

setup as in this paper.

2.4. Variance estimation and inference. To conduct inference on 3, we develop the asymptotic
variance estimator of ﬁbc. Based on the expression in (2.7), we propose to estimate the variance

component ¥, by

ny n2 n2 ) ng M2 N2
(a ~2(1
3D S AL RIS 35 3 I IR R
i=1 j=1 k=1 ll];ézk;éz
where &im = Mél)“yum(zl’)i/}ﬁ and f}g) = @mzim%v{z. To see the validity of &ggl) and 537(73), note
that ’ ’
r ni (1)
. M.
E[Uzgl)‘Z] = E | (L8 +vy) Z 1(11)1)11 Z| = 0351),
L =1 M;;
. [ M
2 2
EEY)z] = E|(HI +7]2i)z M(l | 2| = =),
L =1 i

Also the component H can be estimated by H, = S(Z))(S(Q) 1S(Z%S( )= 5(2) A*. Combining
these estimated components, the asymptotic variance H 10, H ! is estimated by Hn 1\ifnffn_ L The

consistency of this variance estimator is established as follows.

Theorem 3. Consider the setup of this section and suppose that Assumption 1 holds true. Further-
more, there exists a positive constant C independent of ni and ng such that max; |2{,II| < C a.s.
Then

H YW, H'—H v, H 50

Based on this theorem, statistical inference on the structural parameters 8 can be conducted by
the Wald statistic. For example, if we want to test the null hypothesis Hy : 5 = By for some known
Bo, the Wald test is given by I{W(5y) > Xg’a}, where W () = nl(BbC — 6)’[ﬁ;1@nﬁ;1]_l(ﬁbc -p)
and x3 , is the (1 — a)-th quantile of the x2 distribution.
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Remark 1 (Lagrange multiplier test). Alternatively, one can construct a Lagrange multiplier test

for Hy : 8 = By based on the score-type statistic
S(Bo) = SyxSgy 'Sgy — (SgXSyy ' SyySyy Sgx — AT
= By + By — (A2 — A")po.
By inspection of the proofs of the above theorems, we can see that
LM (fo) := 8(80) ¥, " S (Bo) 5 ;.
under Hy : 8 = fBy. Thus, the Lagrange multiplier test is obtained as I{LM () > X]%,a}'

2.5. Extension: Many weak instruments. Our approach can be extended to accommodate
many and weak instruments. Let r, = min{u?,..., ,u?,} be the concentration parameter, where
(u2,... ,ug) are defined in (A.2) in the Appendix. For the case of p = 1, it is written as r, =
II'Z] Z,11. Let also S, = diag(p1, ..., pip)@h, where @, is defined in (A.1) in the Appendix.

Theorem 4. Consider the setup of this section and suppose that Assumption 1 holds true, with the
exception that H’S(ZI%H 5 H as ni,no — 00. If \/lg/rn — 0, then it holds

1 -1/2 ;
<H,;1xan;1> (/)’bc K 5) 4 N(0, I,).

ni

This theorem establishes asymptotic normality of the bias-corrected TS2SLS estimator Bbc under
the many weak instruments asymptotics in the sense that n% — [0,1) and Vk/r, — 0. The addi-
tional condition vk /Tn, — 0 is on the concentration parameter, which requires that the instruments

cannot be arbitrarily weak.

Theorem 5. Consider the setup of this section and suppose that Assumption 1 holds true, with the
exception that H’S(Zl%H L H as ni,ng — 00, and \/E/Tn — 0. Furthermore, if there exists a positive
constant C' independent of ny and ny such that max; |2,II] < C' a.s., then the followings hold true.
(i) When k/r, is bounded for all n1 and ngy large enough,
1 ~ 1o = 1
S, (HnlanHnl — Hnlman1> s 5o
ni ni
(ii) When k /1, — oo,
T 1~ o8 A 1 _ p
fsn <ann W, H EHn ‘v, H, 1) SI50.
This theorem implies that the Wald test defined in Section 2 is asymptotically valid under the

many weak instruments asymptotics. See Chao et al. (2023).

3. EMPIRICAL ILLUSTRATION

We revisit Angrist and Krueger’s (1992) study, which investigates the effect of school-entry age on

years of educational attainment using quarter of birth as an instrument. It is rare to observe such
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a long-term outcome variable jointly with the endogenous variable of interest and an instrument.
To address this limitation, Angrist and Krueger (1992) use two data sources: the 1960 Census and
the 1980 Census. We accessed these Census data through ICPSR.2 We largely follow the sample
selection procedure described in Appendix B of Angrist and Krueger (1992) and focus on Black and
White boys born in the United States between 1946 and 1952, although exact replication appears
difficult because the replication code for the original study is not available. The resulting sample
sizes in our illustration are n; = 442,095 and ny = 110,210.

Following Angrist and Krueger (1992), we consider eight specifications in total (see Table 1). The
first four differ in how they control for cohort trends. The first specification, MA(£2), assumes that
years of education are determined by school-entry age and a moving-average-type trend term, defined
as (m—_g + m_1 + my + mg)/4, where mg denotes the mean years of education for the cohort born
s quarters before or after the current quarter. The second specification includes six year-of-birth
dummies. The third and fourth specifications include, respectively, linear and quadratic trend terms.
The remaining four specifications augment these first four specifications by additionally including
state-of-birth (SOB) dummies. See Section 3.1 of Angrist and Krueger (1992) for details.

To deal with the potential endogeneity of the school-entry age, Angrist and Krueger (1992) con-
sider two types of instruments. The first consists of the levels and interactions of three quarter-of-
birth (QOB) dummies and six year-of-birth (YOB) dummies, yielding 27 instruments. The second
consists of the levels and interactions of QOB dummies, YOB dummies, and 50 state-of-birth (SOB)
dummies, yielding more than 900 instruments. The latter specification, in particular, raises concerns
about many-instrument bias in the conventional TS2SLS estimator. We therefore estimate the effect
using our proposed bias-corrected estimator and, for comparison, also report estimates based on the
conventional estimator.

The estimation results are summarized in Table 1. Several noteworthy patterns emerge. First,
when the number of instruments is relatively small compared to the sample size (i.e., rows 1-4),
the conventional estimator BTSQSLS and our proposed bias-corrected estimator 5bc are very similar
across all specifications. This pattern is in line with the theory: when the number of instruments is
small, the bias term is second-order and therefore negligible in samples of this size.

Second, in contrast, in the many-instrument cases (i.e., rows 5-8), the conventional estimates are
uniformly smaller in absolute value than the bias-corrected estimates. This finding is in line with
the theory suggesting that BTSQSLS is generally biased toward the origin. The magnitudes of the
estimated biases are also nonnegligible: under the assumption that the bias-corrected estimates are
accurate, the bias of the conventional estimator amounts to more than 20% of the effect size. This

highlights the importance of accounting for many-instrument bias in empirical applications.

2The 1960 Census is available at https://doi.org/10.3886/ICPSRO7756.v1 and the 1980 Census is available at
https://doi.org/10.3886/ICPSR08101.v2.
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Instruments Covariates BTsosLs Bbe

woion e g
aopon  Yop 0.29) (0030
wmion o g g
QOBYOB  YOBO.YOBQ* (o) (o0n3)
QOB+YOB+SOB  MA(+2), SOB (—00012% (—000398
QOB+YOB+SOB YOB, SOB (—00012125)3 (—00012115
QOBxYOB*SOB YOBQ, SOB (—0%12@‘; (—000;)81?

—0.186  —0.239

2
QOBxYOB+SOB YOBQ, YOBQ“, SOB (0.024)  (0.032)

TABLE 1. Empirical estimates of the effects of age at school entry

Note: Analytical standard errors are reported in parentheses. Although our sample and estimation procedure differ
from those in the original study, the qualitative implications are in line with those in Angrist and Krueger (1992).

4. NUMERICAL EXPERIMENT

We conclude the paper with a small simulation study assessing the finite-sample properties of our
proposed procedure. Building on the simulation design of Donald and Newey (2001), we consider

the following data-generating process:

YizﬁXi‘i‘fi, XZ:Z{W+7717

) 0 1 05
sesoa. warx((9).(2, %))

The coefficients are set as follows: 8 = 0.1 and 7 = (71, ..., 7)’, where

. 4
ﬂj:0k<1_Ki_1> y j=1,...,k,

and ¢y is chosen so that Z§=1 7r]2- = R%/(1 — R?), where R? denotes the theoretical first-stage

R-squared, which is set to 0.1.

We observe ny pairs of (Y, Z) and ng pairs of (X, Z). For simplicity, the simulations set n; = ny =
n and n € {500,1000,2000}. The number of instruments is set to k = k, € {n/100,n/20,n/10}.
Based on 2000 simulation replications, we compare the average point estimates and coverage prob-
abilities of 95% confidence intervals for the conventional and our proposed bias-corrected estima-
tors. For the conventional estimator, we employ the heteroskedasticity-robust inference procedure
of Pacini and Windmeijer (2016).
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Point Estimate Coverage Probability

(n- k) BrsasLs  Poe Brs2sLs Bbe
EOPRN L PR
(500, 25) (8:(1)(25;) (8;81) 93.1 95.7
(500, 50) (8:(1)32) (8:;)85) 90.1 96.7
(1000, 10) (8:?83) (8&??) 94.6 94.7
(1000, 50) (8:822) (8:223) 92.2 95.4
(1000, 100) (8:8?‘11) (giiég) 87.6 96.0
(2000, 20) (8:82;) (8:5% 95.7 95.7
(2000, 100) (88??) (8(1)22) 91.2 95.6
(2000, 200) 0.051 0.105 81.8 96.4

(0.049) (0.103)

TABLE 2. Simulation results

Note: Standard deviations, computed from 2,000 simulation replications, are reported in parentheses.

The simulation results are summarized in Table 2. The results indicate that although the con-
ventional estimator /@TSQSLS performs reasonably well when the number of instruments is small (i.e.,
k = n/100), it becomes severely biased toward zero as the number of instruments increases. The
magnitude of the bias is substantial when k£ = n/10, amounting to roughly half of the true effect size.
In contrast, across all scenarios we consider, the bias-corrected estimator is nearly unbiased. In line
with this finding, the coverage probabilities of our proposed estimator are excellent, whereas the con-
ventional estimator exhibits substantial size distortions, especially when the number of instruments
is large. In particular, the empirical coverage probabilities of the bias-corrected confidence intervals
are close to 95% in every case, whereas those of the conventional confidence intervals deteriorate to

levels below 90% in some cases.

10
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APPENDIX A. MATHEMATICAL APPENDIX

Notation: Hereafter, let ||A|| = /tr[A’A] for a vector or matrix A, || X|j2z = E[X?2|Z] for a
random variable X, and Ay < By means that there exists a positive constant C independent of NV
such that Ay < CBy for all N a.s., Ay 2 By means By S Ay, and Ay < By means Ay < By
and By < An. Let A'/2 denote a squared root matrix for a positive semidefinite matrix A, satisfying
AV2AYY = A and A=1/2 = (AY/?)~1 for nonsingular matrix A.

A.1. Proof of Theorem 1. From (2.5), it is sufficient for the conclusion to characterize the prob-
ability limits of the terms (A1, Ag, A3, By, By). For Ay, Assumption says A; L H. For As, it holds
E[A3|Z) = E[SS)|Z2]S5) 'S5 )T = 0, and the (I,m)-th element A" of Aj satisfies

”Ag = 2 ZE ’Z H(m /S(Z%S(Z% ! 2iZ§iS(ZQ;15(21%H(m)

m 1 - 1 m -1
S M) SO S <,
where the inequality follows from Assumption (iv) and the second equality follow from Assumption
(iii). Thus Chebyshev’s inequality implies Az % 0. For By, observe that E[B;|Z] = H’{E[S(Zlg | Z1]8+
E[SY)|121] - 8585y 'EISZ)|Z5]8} = 0, and the I-th element B{ of By satisfies

ni
l 1
1BUI, = 5 Y El01,8 + e1) 2| 200 21,20,
=

1 & _ _
) ZE[(néim?iZz]H“”Sé%S?; R A
1
< n—lﬂ()S(Z%H(l)—i—n—zﬂ(l) s — o).

Thus we have B; % 0. For By, observe that E[Bs|Z] = E[S(ZQg,\Zl]S(Zz%_lE[S(Zlg,B + S(Zle)|Z1] =0 and
the [-th element Bél) of By satisfies

l 2)—1
IBSI3 , = ZZZE (118 + €1)2| Z1|E[(nS.))?| 2] (21,5 5y " 225)?
=1 j=1
L Sh g ()1 k
S 210 S 218 215 = <nil,
n%nz - R1iRzZ7 1i 5 n%m - 1977 13 ning ~ 1

where the first inequality follows from Assumption (iv), the second inequality follows from Assump-
tion (iii), and the second equality follows form - =D th(Zl%_lzh = tr[s(;}‘ls(zl;} = k. Thus we
have By £

Finally, for Ao,

n2

1 2)—1 o(1) o(2)-1
E[As|Z] = — > Elmatsi Ze)4:S5) ' SG)S5) 20
2 =1

11
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and the (I, m)-th element Agl’m) of Ay satisfies

I,m I,m
1AS™ — E[AS™) 2|13,
ng N9

1 _ A
7ZZW%1MK%HHHWMMM]MWNWW%%%%%%ﬁ
2

~

2)—1 (1 2)—1 —
S S Ss SS

where the first inequality follows from Assumption (iv) and the last equality follows from Assumption

(iii). Therefore we have Ay % A. Combining these results, the conclusion follows. [J

A.2. Proof of Theorem 2. By using the notation in (2.5), the estimation error of Bre can be

written as

VI (Boe — B) = {A1 + (A2 — A*) + Az + Ay} '\ /ni(B1 + By — (A2 — A")B).

We first look at the denominator. Assumption (iii) guarantees A; - H, and the proof of Theorem
1 implies A3 5 0. For Ay — A*, note that

X (1
Ay — A 2772@221 ZZ Z%SZZ ZZ2J772J
J#i
1

—*ZH/ZZ 299 ZZ S(Z%S(z Z2 M Z 7723’

1 =
2)—1 o(1) o(2)-1 2)—1 2

LS it sSSP S P,

2 i=1 j#i
= Dl—DQ—Dg.

The proof of Theorem 1 implies Dy %0. For Do, its (I,m)-th element satisfies

w#%m

i=1i1=1 XMml Zéz‘lS(ZZ% S( )5(2% 122@12'Qz (l)
1 [0 S i
N 412;112:1 L XMz(m)l 1zéils(22%—15(1) 5(2% 2201 % éz’lﬂ(l)
13w
T om s XZ21’S(ZQ% S(ZI%S(Z% Hagi2h, 1T
< imaXi(ZéiS(ZQ%_IS%S%_IZ2i)2H(Z)/S@)H(l)
= 3 ming (1122 %
< npl

12


https://ssrn.com/abstract=6519827

where the first wave inequality follows from Assumption (iv), the first equality follows from Zm ]V[ @) py 1(12])
MP | the first inequality follows from the fact that » 2, > "2

i1

a“ < Y2 ala; for any

4 W &£
min; M7.(7,2))2 ~as

1 under Assumption (ii) (Mikusheva and Sun, 2022, Lemma S1.1). Similarly, for Ds, its (I, m)-th

element satisfies

11=1 z ul

(a1,...,a,), and the last wave inequality follows from Assumption (iii) and the fact that

lm
E[(D§"™)?|2]
AR N, ) g@)=1, 1 ()=13,(2) (m) () s ¢2)=1g(1) g@)=1,  30(D=17,(2) (m)
= 4222 Z Mo % éz 'Sy Sy My M3 55 i, 220 S77 Szz577  Zei My, Mg,
i=1 j#i i1=1j17£u

L o (450718005 ) 2§§M@

<
~ TL% mlni(M-(-Q)) =1 i
1 —
< 14maxl(zzlS(Z% S(Z%S(Z% 22 Z
ny man(M )
< it

Combining these results, we obtain As — A* % 0 and so we can write

Vi (Boe — B) = HY/ni{ By + By — (Ay — A*)B} + 0,(1).

13
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We now look at the numerator. Decompose
Vvni{B1 + By — (A2 — A%) B}

RS - §2)- 2)-1 ¢(2)
= I 214 (11 8 + €14) M2y 2B + en) —/miIl'SY 57y S8 s

\/7,71 ; \/7712 ;le 772 ZZ 77 zZn

=VAi(Bi1+85} 551 S0)6) =B

T <n 2)—1 2)—1

\{L; 2:2 j;ﬁz 772]2235( ) S(Z%S(Z% 221772z6
2 2)-1 2)—1, (2
223‘2'235(2% S(Z%S(Z% ZQJM](j) Mj(’i)né’i/ﬁ
T < 2 1) o(2)—1 2)—1, (2
_% Zi=21 j;éz 2= 2]S(Z% S(%S(Z% ZQjMJ(j) Mj(i)néiﬁ

=y/ni(A2—A%)B

\/— Z I 214 77115 + 61@)

ny na A 5(2) 1501 )S() 2 B B
ZZH/ZQJ (sz Z% 15(21%5,(22% 1y %2 ZZ°7Z JM](?) lzéjS(ZQ% 1 ot 3

i=1 j#i "2
ny n2
2_
o ZZWJZZJ Z 215 (018 + €14)
nn2 1=1 j=1
ng n9 / () (1) (2)
2)—1 (1) o(2)—1 2;S77 Syz577 Z2J 2)—1 2)—1
ZZWJ (ZéjS(Z; SUySTy ey + " M() ;ST aai | b
i=1 j#i 2
na N9 ~
—ZH’ZM (n1iB + €i) — —ZZH’% 2,8
=1 j#i
ny ne n2 n2
ZZ% (1B + €1i) — ZZW SR
=1 j=1 1=1 j#i

=:N1 + Na + N3 + Ny,

where the second equality follows from Mi(f) = —Pi(f) for i # j and the third equality follows from
the definition of ]52-(;) and Pz(J ), Noting that Ni, Na, N3 and N4 are uncorrelated each other, by
applying Chao et al. (2012, Lemma A2) and Matsushita and Otsu (2025, Lemma 4), the conclusion

follows. (O

A.3. Proof of Theorem 3. Lemmas 7 and 8 imply -, B 0, and the proof of Theorem 2

implies H — H 0. Thus the conclusion follows from the continuous mapping theorem. [

A.4. Proof of Theorem 4. By the spectral decomposition, there exists an orthogonal matrix
Qn = (q1,-..,gp) such that Q,Q,, = I and

m QL V,Qn = A, = diag(A1,. .., \p). (A.1)

14
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Based on @, = (¢1, ..., ¢p), denote
pi = maiHng: = g1 21 Z1 11y, (A2)

fort=1,...,p
Recall that r, = min{u%,...,uz} and S, = diag(pi, ..., up)Q.,. First, if Vk/rm — 0, we can
show that

Sy H, St =S { A+ (Ao — AY) + Az + AL} S
:n15;_1 {A1—|— Dl—DQ D3)+A3—|—A }S_
=n1 S H,S 4 0,(1)
= I +0,(1), (A.3)

where the third equality follows from similar arguments to the proofs of Theorems 1 and 2. For

example, the (I,m)-th element of n1 S, 1 DS, ! satisfies

!!<msmsf>““>w;

n2 n2

2
1o(1) o(2)—1
Tt 2u2 ZZQl ni QZQm nJ)QW <Z215(Z% S(Z%S(Z% Z2j>
2:u’l M, i=1 j#i

24,819 g1 g1 g1
HQM#%; 2 ZZ ZZ zZ7 Z72%727

<k
~ .27
n
where the first inequality follows from Assumption (iv) and the second inequality follows from

Assumption (iii). Thus Markov’s inequality implies that n1 S/, 1D1S,; ! = 0,(1) under the condition

VE/ry — 0.

Now letting F,, = (n10,,)"/% S 1 we have

~1/2
(L) ) -en oo .
=Qn (m S0, 81 (nls;—lﬁnS;l) TS (AT (NL + No + Ny + Na)}

=Qn (m 81 0,8,Y) P8 (0,2 {(nlxpn)—l/? VAT (Ny + No + Nj + N4)} +0p(1)
=Qu(ELF) P E, { (m0,) ™ g (N 4+ Na + Ny + Na) |+ 0,(1),

where the first equality follows from H, = %Qndiag(;ﬁ, ce ,uf))Q’n and ¥, = iQnAnQ;@, and
the third equality follows from (A.3). Therefore, the same argument as the proof of Theorem 2
combined with the continuous mapping theorem and the fact that @, is an orthogonal matrix yields

the conclusion. [

15
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A.5. Proof of Theorem 5. By (A.3), we first note that
Subly NS, = (S S TS S (S HaS ) T
= (S Hn Sy ) TS S ) (S Ha S T+ 0p(1).
For Part (i) (i.e., the case where k/r), is bounded), we have

S (U, — W,)S, = diag(py - iy Qe (W — W) Qudiag(py o py ) 50,

where the convergence follows from similar arguments to Lemmas 7 and 8.

For Part (ii) (i.e., the case where k/r,, — c0), we have

T'n qr1—1/% — Tn J. — — T . — —
?S’II’L 1(\IITL - le'fL)Sn b= ?dlag(ﬂl 17 sy My 1)@;1(\Iln - \pn)Qndlag(Ml 1; Ry 1)

1 ~

where the convergence follows from similar arguments to Lemmas 7 and 8.

Combining these results, the conclusion follows. [

APPENDIX B. LEMMAS

Lemma 6. Suppose Assumption 1 holds true. Then

(i): maX”(P( ))2 <1 fors=1,2;

(ii): 2, 02 (P))? Sk, and 312 Y02 (BD)? < ks

(iii): 7, (P}ﬁ)‘l Sk, and Y12, 302 (B < k;

(iv): S, 52 R (B 2(P)? S ke and 32, 3072, 3072, (B (BRYY? S s

(v): S o zkzlz (PYPYED PP <k and Zz<j<k<up”P<2)P‘2 P <k

Proof: For P, the proof is given by Matsushita and Otsu (2025, Lemma 1). For PP the

conclusion follows from the same argument as Chao et al. (2012, Lemmas B1 and B2). [

Lemma 7. Suppose that the assumptions of Theorem 3 hold true. Then it holds

ny iiip(l :C/Zk&Q(l) = (izhzu Tui ) Zi 27(723) i) 0.

i=1 j=1 k=1 i=1 i=1 j=1
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Proof: Decompose

ni ng n2 2 ny n2 n2 1 (1)
. /
)9) D) DL ILINNELIS o 9) pb; - LRI B 0¥
i=1 j=1 k=1 i=1 j=1 k=1 MZ,ii
ny ng ng ni (1)
il
S A e (s ) 35 2
i=1 j=1 k=1 =1 i
ni n2 ( ) n2 ( ) '
~ (1 ~(1
= S PV | | Sy | o3
i=1 \j=1 7=1
/
ni no no ni (1)
- ~ M.
30 (3580 ) (3580 ) e (3524,
i=1 \ j=1 j=1 1#1 i
!/
n1 no n2 n1 (1)
- - M
1 1
55 (S a0 | o (35200
i=1 \j=1 j=1 =1 0

For Ay, Lemma 9 implies

1 ni ni no
R S LS B LT S

=1 i=1 j=1

For A; and Agz, Lemma 10 implies n%(Ag + A3) 2 0. Therefore, the conclusion follows. [

Lemma 8. Suppose that the assumptions of Theorem & hold true. Then it holds

ny mn2 N2 n2 mn2 n2
(2 2
£ 9D D) WYL INIEEEERRE o o SF: T S IaNER R
i=1 j#i k#i 1=1 j#i k#i
na
(2) () gr52(2)
_722 P 2P S0l B
i=1 j#i
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Proof: Decompose
no no no
2
DD D BB el S5

i=1 j#i k#i

n2 N2 n2
= LD APPY wsyalu (vamx) B
i=1 j#i k#i
ng Ny N2 ~ n2 M(2) R
= ZZZP %) oy B {(Zéin+772i) Zz(lz)ﬁél}ﬁ
M
1=1 j#i k#i =1 i

/

n9 n2 n2
= Z sz(f)$2j Zﬁl(;?)l?k (7751/3)2

i=1 \ j#i ki
' @)
ni no ng ni
~ (9 ~ (2 i
+ E E PZ(] )a:Qj E Pz.(k)xzk (n2:3) E 7M(12) (n23)
i=1 \ j#i ki I#i V4

/

n1 na ny ny ]\/[_(2)
2 2 p
3 (3080 ) 30 P <z;in>{z )
=1

L k#i =1 10

ni ng _
30 (SR | [ P
=1

i ki
ng (2) ng M(2) .
28’ S (25,1 +n2i) Y Z(lQ)Uéz B=B)+(B=B){ (hill +1m2i) > (2)7721 (B—5)
=1 Mzz =1 M
= A+ Ay + A3+ A,
For A, Lemma 11 implies
1 NN AR BT s as® s NS A 25®) @ g L 2
A z;;gp Pl 292, 118 zmﬁ—E;(PM e, B'E B 8 0.
=197 2 i=1 j#i

For A; and Az, Lemma 12 implies i(Ag + A3) 20, A similar argument with the fact that

ni

B—pB= op(1) implies %A4 2 0. Therefore, the conclusion follows. [J

Lemma 9. Suppose that the assumptions of Theorem 3 hold true. Then it holds

/

1 ni ng -1 ng 1 ni 2(1 »
R DI DI N DI Ev) I PRI Y3 (e | 2
L= =t j=1 i=1 i=1 j=1
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Proof: To simplify the presentation, we provide a proof for the case of G = 1. An extension to the

cases of G > 2 is straightforward. Decompose

/

ng
> Z Vg | | Yo B | of
=

=1 \j=1
ny n2 ny nz2 n2
<Z 21121#)11) II+2 Z Z Vi (24, Il + Z Z Pz Wp lk Vajmonv
i=1 j=1 i=1 j=1 k=1
=: B;+ By + Bs,
where the first equality follows from 372 (1)2'2]1'[ LI Let Vi; = v}, — E[v?,| Z1].

For By, observe that

n1 2 ni 2
B, —1I (Z ZliziiE[U%i|Zl]> o  =E (Z( &N, Vlz) Z

1=1 2,7 =1
ni
= Y (Wz) EVEZ)] S max (We)? max E[VEZ] (mIUST) S,
=1 1<i<ng 1<i<ny

where the second inequality follows from Assumptions (ii) and (iii).
For Bs, we further decompose

ny n2 ny n2

By = QZZ 7723 2,11 VIH‘QZZ 7723 2 DE[w] Z1]
i=1 j=1 i=1j=1
=: DB + Bas.
For By, observe that
ny n2 ni n2
||B21||%,Z = 4E ZZ 772] le mlzz 1131772J1(Z111 )‘/121 zZ
i=1 j=1 u=1l5n=1
n n
= 4 Z 023‘Z2](Z1z )2E[V12i’21]
i=1 j=1
n n
~(1
> (P s,
i=1 j=1
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where the second equality follows from independence of the two sample and the last inequality follows

from Lemma 6. For Bssy, observe that

2
no ni
~(1
Bz, = 42@[@ZQ]{Z(n’ai)PiS)E[virZﬂ}
j=1 i=1

n2 ni1 ni

5 ZZ Z HZM thl)p( )pz(llj)

7j=11i=1141=1
= '(ZyZy)~ 0
= I'Z,P® 2,11 < ny,

where the last inequality follows from > ; 2?21 ziAijr; < Amax(A) D0 5 2 for any symmetric
matrix A and (z1,...,2,) and Assumptions (i) and (ii).

For Bj, we further decompose

ni ng n2 ni Nz n2 niy ng
= 2 D BB mim Vi + 3030 S B B Eleh 1] + 37 3 (P ) Bl 2]
=1 j=1k=1 i=1 j=1 k#j =1 j=1

=: Bs31 + Bss + Bss.

For Bsq, observe that

ny n2 n2 niy  ng

1Baill3z = Zzzp(l)P(l)mﬂmViz Z Z Z 1%1 2(11;317723177%1%2'1 Z

=1 j=1 k=1 i1=171=1k1=1

ny n2 n2

= 33N S (BB ERE | B | ZIEVE| 1]
=1 j=1 k=1

ny n2 n2

S IR s m,

=1 j=1 k=1

where the second equality follows from independence of the two sample and the last inequality follows

from Lemma 6 (iv). For Bso, observe that

ny mn2 n2 ni n9 no
1Bl = E| DY BB Bl 21 Y0 D0 Y B P me e Elot | 22)| Z
i=1 j=1 k#j 11=1j1=1 k1#j1

ny M n2 N2

1 1 1
= 25 S SN AW AV B PUENS; | ZEl3,| Zo B[] Z1E [0, | Z1]

i=111=1 j=1 k#j

A

ni,
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where the inequality follows from Lemma 6 (v). For Bss, observe that

2
ny n2

E ZZ 2(i3; — )| ZYEW3| 2] | | 2

i=1 j=1

ny mi1 N2

= E ZZZ V23, — Elng;| 2] Y E (v} Z]Ev}, 1 21| Z

i=11i1=1j5=1

g ni,

where the inequality follows from Lemma 6 (iv). Thus we have

2
niy no
1
By > [ P( D2EW| 2B Z1)| S m
=1 j=1 2.7

The conclusion follows by Markov’s inequality and the triangle inequality. [J

Lemma 10. Suppose that the assumptions of Theorem 3 hold true. Then it holds

/

1™ na na . ni (1)
TTZ ZP( )ZL'QJ ZPl(])l’QJ V14 Z Z(ll) V11 £> 0, (B.l)
izt \u=1 j=1 12 M

!/

n9 < (1) ) n1 M'(ll) )
7712 Z ‘UQJ' ;Pm za5 | (2115) ZMi(il)vu — 0. (B.2)

=1

Proof of (B.1): To simplify the presentation, we provide a proof for the case of G = 1. An

extension to the cases of G > 2 is straightforward. Decompose

? o)
ni ng na
I 2 pL, . , M;,
213 + ij 12j ) ) V1e
i=1 j=1 i My,
2
niy no H Zl ( ny no
i .
)L i ZZ vuvu
=1 Z;éz 7,7, =1 f;ﬁl ii j=1

m 2 (T ) P(l)P()

22 2.0

1
i=1 j=1 ¢7#i M()
= —Tl—TQ—QTg.

V1iV14125

For Ty, note that E[T1|Z] = 0 and

ni o n2 1y i P( )2 ne ; 2P»(1) ne 2P(1)
Tl = ZZ{ N )“ Py ;4)@) ut ;21) L SB[} Zi B[} 2]
i=1 {#i i e
ni no
< S -
=1 (#£1

21


https://ssrn.com/abstract=6519827

where the first inequality follows from Assumptions (i) and (iii). For 75, note that E[T3|Z] = 0 and

ni ni no no P(l) ~(Up(l)
T3, = 32222( ] ) E[v};| Z1|E[vi,| Z1|E[13;] Z2]E[v3y | Z2)

i=1 {#£i j=1 k=1

ny np N2 N9 P )P(l)P(l)P( )(P(Zl))Q

DI

2

E[v}i| Z1|E[vY,| Z1)E[n3;| Z2]E[v3)] Z2]

1 1
i=1 0#i j=1 k=1 Mz(z )ME(Z)
oSS A2 p [ S ph) SO SO SN B0 B A pO )
S DD BIPE @) + XSS IR B B B IPY)
i=1 j=1 k=1 (£ i=1 j=1 k=1 (=1

S ni,

where the first inequality follows from Assumptions and (i) and (iii), and the second inequality
follows from Assumption (i) and Lemma 6 (iv) and (v). For T3, note that E[T3|Z] = 0 and

ni m2 ni > ; (I)P-( )
= EZEZEZ( b L ) E[o?;| Z1]E[v%| Z1 B[ Z]

i=1 j=1 {#i

ny ng ni le H/ZM)P( )P(l) (‘Pz(é ))

D) B

[U%i|Zl]E[U%E|Z1]E[T73j | Z2)]

1
i=1 j=1 {#i Mz(z)M()
ni
< D (@a)A(PY) + Z Il 21;)?
=1
S ni,

where the first inequality follows from Assumptions (i) and (iii), and > i} > 7% 2i4i75 < Amax(4) D251 ZL‘?

for any symmetric matrix A and (xy,...x,), and the last inequality follows from tAssumptions (ii).
The conclusion follows by Markov’s inequality and the triangle inequality.
Proof of (B.2): To simplify the presentation, we provide a proof for the case of G = 1. An

extension to the cases of G > 2 is straightforward. Decompose
2

ni ng ) n2 M(l)

3 il
Z 'z +ZP SR NCRIEDY MZ(I)W
i=1 j=1 =1 My

(4,118) B B b )

ny ni Z Z HB ny n2 n2 ni
S 3) DL LULESHES 30 3) 3) DL RS
(= ii

=1 (=1 Mzz =1 j=1k=1 1
)

ny ny ni le leHB)Pi(jl)Mi(gl

+2 Z Z Z ) M2 V1¢

i=1 j=1 ¢=1 Mzz
= T1—|—T2+2T3.
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For Ty, note that E[T7|Z] = 0 and

2
(I1'21,)2(2},118) M)
iR, - zwzl (z 1118 My

i=1 Mi(il)
2

ni ni H/Z]_')Q(Z/ H/B)M(l)
< Z (Z ( v 1z il
~ 1

=1 \i=1 Mi(i)
o AR (20)*(008) (W2 )* (24, 18) |
~ Z Z M(l M(l) ii1

1=1141=1 i i

1 20 2 n

(H,Zu) (Zuﬂﬁ) , ) )

< Z;{ Wi S 1<mzi)7§1{(ﬂ 21i) (Zuﬂﬁ)}Z;(H 213)° S na,

where the third inequality follows from 77, >7% 1 24525 < Amax(A4) 211, 75 % for any symmetric
matrix A and (x1,...zy,), and the fifth inequality follows from Assumption (ii) and the assumption

maxi<i<n, |21;1I] < C. For T5, note that E[TQ|Z] =0 and

ni m1 n2 ng  ng leﬂﬁ) z(k)Pz(fl)( 1z1Hﬁ) ZU (1)P()

k l
1103, = 3> 3 33 ) 5 5 Pty E[n3;| Z2)E[n3;| Zo)E[v3,| Z1]
i=1i1=1 j=1 k=1 L+#i,i1 Mii Milh
R B W [ = | p1) 1)
1 1 1 1
< SISSSEPPY BRI ST PP P <,

i=1di1=1 j=1 k=1 0£iin

where the first inequality follows from Assumptions (i) and (ii), and the assumption max;<;<y |21, 11| <
C, and the second inequality follows from Lemma 6 (v) and Assumption (i). For T3, note that
E[T5]Z] = 0 and

|53,

~ 2
(T 24) (2),118) P MY
— Z E[13;|Z]E[v3,| Z1) (Z - A

1
=1 Mi(i )

A
™
(]

)

~ 2
2 (Z <H/zli><zalnﬁ>1%21)Mi%1>>
=1 zz

ny ni (H/ 12)(211Hﬂ) (H/zhl)(Zi“HB)ﬁ(l)M(l)

MW MY T

i=111=1 i i141

2
L (2 (2. 1B) =
< Z{(’Zl)(zlzmpml)} Slmax{zhﬂﬁ }Z "215)? < n,

A
(]
(]

where the third inequality follows from Y7 ) Y77 _ ) 2 Aija; < Amax(A) Yin; @7 for any symmetric
matrix A and (z1,...x,), and the fifth inequality follows from Assumptions (1) and (ii), and the
assumption maxj<;<p, |21,II| < C. The conclusion follows by Markov’s inequality and the triangle

inequality. [
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Lemma 11. Suppose that the assumptions of Theorem & hold true. Then it holds

1 e (2#, PP} (S B ) (1) ,

- =0
D 2) (2 (2)y257(2) pr5(2)
m - E Z];éz Ek;éz H,z2j22kH6,E /3 Z g;éz(]DZJ )2277,]'6/2171 5
Proof: Similar to the proof of Lemma 9. [J
Lemma 12. Suppose that the assumptions of Theorem 8 hold true. Then it holds
n2 @ ' ny M(2)
5 i P
_ Z Z Pz] T2j Z sz Lok (nézﬁ) Z 1(12) (77515) - 07 (B3)
i=1 \ j#i k#£i I+ M’L’L
n2 @ ! ni M(2)
- . »
fZ ZP@J way | | D0 P wan | (1) {Z X %ﬂ)} 5 0. (B.4)
i=1 \ j#i k#i =1 Mu

Proof: Similar to the proof of Lemma 10. [J
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